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INTRODUCTION

The general theory of the diffraction reflection of a
spatially inhomogeneous X-ray wave in a single crystal
was developed at the beginning of the 1970s. In [1–3],
an analytic formula was derived for the amplitude of a
diffracted wave at the output of a crystal for the case
where a spherical wave from a point source located on
the crystal surface enters the crystal. The function given
by this formula, which is actually the propagator of the
crystal, makes it possible to obtain a solution for an
incident wave with an arbitrary wave front by calculat-
ing the convolution. The propagator of a crystal can be
calculated by either solving the Takagi equations [1, 2]
or direct integration of the reflection amplitude of a
plane wave over the entire interval of angular devia-
tions from the Bragg angle. Such an integration is
equivalent to the calculation of the Fourier transform
[3]. In the Laue geometry, where the diffracted wave
passes into the crystal, the situation with a point source
on the surface can be easily implemented using a nar-
row slit. This is a known scheme of section topography
of individual defects in a crystal (see, for example, [4]).
In the Bragg geometry, i.e., in the case of diffraction
reflection, the use of a slit is unrealistic since the reflec-
tion is maximum specifically at the point of entrance of
the incident wave into the crystal and the slit shuts in
the detector.

In recent years, owing to development of X-ray
focusing optics, a possibility arose to investigate the
diffraction reflection from a source on the crystal sur-
face by focusing a wave on the crystal surface rather

than applying a slit. To this end, compound refractive
lenses [5] are most appropriate (the parabolic profile
[6], which provides the best focusing, is desirable). In
the case of two-wave diffraction, planar lenses [7],
which focus the wavefront only in the scattering plane,
are quite appropriate. Moreover, since at symmetric dif-
fraction a crystal does not change the beam width, the
result is independent of a specific position of a crystal
between the lens and detector. This circumstance
makes it possible to place the detector exactly in the
plane of the focus of the waves reflected from the crys-
tal. In this case, in an experimental scheme with rela-
tively large distances between the lens, crystal, and
detector, the latter will record the same spatial depen-
dence as if both the crystal and detector were located in
the focus.

In [1–3], an analytic solution for the propagator was
obtained for a crystal in the form of a plate of finite
thickness. It was shown in [2] that fairly strong reflec-
tion occurs not only from the upper but also from the
lower boundary of a crystal. Concerning multiple
reflections from the boundaries, we should say that,
although these reflections are taken into account in the
analytic formulas, they are in fact very weak. This phe-
nomenon has not been analyzed in detail. Physically, it
is obvious that, in the case of a multilayer crystal,
strong reflection should occur from each boundary;
however, this situation has not been analyzed. The pur-
pose of this study is to gain insight into this phenome-
non. Numerical simulation of the symmetric diffraction
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of a focused wave by a multilayer crystal is performed
and the results obtained are qualitatively explained.

STATEMENT OF THE PROBLEM

The scheme of the numerical experiment is shown
in Fig. 1. The point radiation source forms a divergent
spherical wave. The X-ray lens, placed at the distance

 

L

 

s

 

 from the source, focuses the spherical wave at the
distance 

 

L

 

f

 

 = 

 

F

 

/(1 – 

 

F

 

/

 

L

 

s

 

)

 

 from the lens, where 

 

F

 

 is the
lens focal length. A multilayer crystal is placed on the
path of the wave behind the lens. This crystal changes
the direction of the optical axis, while deviating it by
the double Bragg angle. Simultaneously, the crystal dis-
torts the spatial distribution of the radiation field in the
transverse direction (in the diffraction plane). For X rays,
the paraxial approximation can be applied with high
accuracy. Within this approximation, the Kirchhoff
propagator 

 

P

 

(

 

x
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x

 

', 

 

y
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y

 

', 

 

z

 

) 

 

can be written as a product of
two functions for the 

 

x 

 

(in the diffraction plane) and 

 

y

 

(perpendicular to the diffraction plane) directions:

 

(1)

 

Here, the 

 

z

 

 axis is directed along the optical axis and 

 

λ

 

is the X-ray wavelength. Within the paraxial approxi-
mation, the transport of the transverse dependence of
the field along the optical axis is of interest. Since the
polarization properties are insignificant, we will con-
sider the scalar amplitude of the radiation field, assum-
ing that the field is polarized in the plane perpendicular
to the scattering plane. This situation can be easily
implemented using synchrotron radiation. Since the
crystal does not affect the dependence of the intensity
on the coordinate 

 

y

 

, we will consider only its depen-
dence on 

 

x

 

.
If the field amplitude 

 

A

 

(

 

x

 

) 

 

at a particular point on the
optical axis is known, the transport of this field by a dis-
tance 

 

L

 

 is determined by the convolution with the func-
tion 

 

P

 

(

 

x
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x

 

', 

 

L

 

)

 

. Since the point source can be repre-
sented as a 

 

δ

 

 function, the intensity of the radiation
from the point source at the distance 

 

L

 

 is equal to the
propagator 

 

P

 

(

 

x

 

, 0, 

 

L

 

)

 

. At the same time, we will assume
the X-ray lens to be a thin object distorting the field
amplitude in accordance with the laws of geometric
optics. We can easily take into account the effects
related to the lens length along the optical axis, since
the analytic form of the propagator of a long lens is
known [8]. However, for the effects related to the crys-
tal, the specific features of a long lens are insignificant.
Accordingly, the propagator of a parabolic planar
refractive lens can be written as

 

(2)
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, the parame-
ters 
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and 
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determine the average complex polarizabil-
ity of the lens material in accordance with the law 
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, and the focal length 
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. As follows
from (2), the lens changes the field amplitude locally at
each point. The geometric aperture of the lens is not
important, since the actual aperture is determined by
the absorption.

Along with the parabolic planar lens, a zone plate
can be used for focusing. In this context, it is of interest
to compare the results of the numerical experiment per-
formed with a parabolic lens and with a zone plate. In
calculations, we used the expression for the propagator
of a linear zone plate in the form

 

(3)

 

Here, 
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 = 
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δ
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is the modulus of the phase shift of the
wave passing through the material of the zones, 

 

K

 

 =
2

 

π

 

/

 

λ

 

, and 

 

t

 

 is the depth of the zone etch. The function

 

s

 

(

 

x

 

) is equal to 1 at (2k) < x2 < (2k + 1) and beyond

the zone plate aperture and is zero at (2k + 1) < x2 <

(2k + 2). Here, r1 is the radius of the first Fresnel
zone, which determines the focal length in accordance

with the law F = /λ and k is an integer in the interval
from zero to the maximum number of zones.

The propagator of the diffraction reflection from the
multilayer crystal, PMC(x, x', z), is also independent of z
and, in the symmetric case, depends only on the differ-
ence in the arguments (x – x'), under certain conditions.
Specifically, the coordinate x is counted from zero in
the direction perpendicular to the deviated optical axis
after the crystal, while the coordinate x' is counted in
the direction perpendicular to the optical axis before the
crystal. In addition, there is a coordinate system (X, Z)
related to the crystal surface. Directions of the X and Z
axes are shown in Fig. 1. The expression for the propa-
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Fig. 1. Schematic of the numerical experiment: (S) point
source of synchrotron radiation, (L) parabolic X-ray lens,
(C) multilayer crystal, and (D) position-sensitive detector.
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gator can be written as the Fourier integral

(4)

The function RMC(q) is the reflection amplitude of a
plane wave, a parameter that depends on the angular
deviation (q/K) of the incident wave from the Bragg
angle. This function is generally calculated with the
recurrence formula (whose derivation can be found in
many studies). Below, we give the expression obtained
in [9], according to which RMC(q) = RN(q), where the
index N is the number of layers of a multilayer crystal.
Accordingly, this function is obtained by multiple
application of the recurrence formula

(5)

Here, the designation x'' is used for the imaginary part
of the complex quantity x and it is assumed that a'' > 0;
dL is the layer thickness; in the symmetric case, γ0 =
sinθB; and the parameters χ0, χh, and χ–h are the Fourier
components of the crystal polarizability on the recipro-
cal lattice vectors 0, h, and –h. The parameter q0 = Kϕ +
K[∆E/E + ∆d/d] , where ϕ is the angle of rotation
of the crystal from the exact position, ∆E/E is the rela-
tive change in the photon energy, and ∆d/d is the rela-
tive change in the interplanar spacing for reflecting
atomic planes.

In general, rotation of the crystal changes the direc-
tion of the output optical axis and can be taken into
account by introducing an additional exponential fac-
tor. In this study, we will assume that the crystal does
not rotate. Concerning the changes in the photon energy
and the interplanar spacing, the former parameter
should be taken into account in the case of nonmono-
chromatic radiation and the latter can change from
layer to layer. All parameters in formula (5) refer to the
kth layer. It is assumed that the layers are enumerated
from bottom to top, so that the first layer is the substrate
and the upper boundary of the last layer is the input
boundary of the crystal. Beginning with the function
R0(q)  = 0 at k = 0 and consecutively applying formula
(5), we obtain the necessary Fourier component of the
propagator of a multilayer crystal at k = N.

Calculation of the spatial intensity distribution in
the detector plane was performed by the method of dou-
ble Fourier transformation using fast Fourier transfor-
mation [10] according to the following scheme. In the
case of a parabolic lens, the field directly behind the
lens is A(x) = P(x, 0, Ls) TPRL(x). The Fourier image
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A*(q) of this field was calculated. Furthermore, we
used the property of a convolution of two functions,
according to which its Fourier image is the product of
the Fourier images of the multipliers. The function
A*(q) was multiplied by the Fourier image of the Kirch-
hoff propagator P*(q, L1) to take into account the dis-
tance L1 between the lens and the crystal.

In a similar way, to take into account the crystal, a
new multiplier (the function RMC(q)) was added to the
product. Finally, to take into account the last distance L2

between the crystal and the detector, the multiplier
P*(q, L2) is necessary. With allowance for the analytic
expression P*(q, z) = exp(iz(q2/2K)), it can be easily
shown that P*(q, L1)P*(q, L2) = P*(q, L1 + L2), and the
result depends only on the total distance from the lens
to the detector through the crystal. Thus, obtaining the
Fourier image of the field at the detector in the form
B*(q) = A*(q)RMC(q)P*(q, L1 + L2) and calculating the
inverse Fourier transform, we have the spatial field
structure on the detector in the form of the function
B(x). The relative intensity was calculated with the for-
mula I(x) = |B(x)|2λ(Ls + L1 + L2). In calculation of the
Fourier images, the grid containing 65536 points with
a uniform step of 0.02 µm was used.

As an example of a multilayer crystal, we will con-
sider the Fabry-Perot interferometer that was designed
and used in [11]. The interferometer consists of two
70-µm-thick crystal Si layers separated by a 100-µm-
thick air layer. The input surface is parallel to the (3 1 0)
planes. In [11], the reflection 12 4 0 was used, for which
the Bragg angle is 90° at the photon energy E =
14.44 keV. In this study, we considered the same reflec-
tion, but the calculation was performed for E = 15 keV.
In this case, the Bragg angle θB = 74.27°. The other dif-
fraction parameters in formula (5) are as follows: µ0 =
2.254 × 10–3 µm–1, s = (–2.486 + i0.1054) × 10–2 µm–1,
and f = 1. These data were obtained using Stepanov’s
program [12].

DIFFRACTION OF A BEAM LIMITED 
BY A NARROW SLIT

Figure 2a shows the distribution of the relative
intensity of a reflected wave in the case where the slit
with the width D = 3 µm is installed at a distance of
50 m from the source and directly before the crystal.
The distance between the crystal and the detector is also
zero. In the limit of an infinitely narrow slit, the inten-
sity distribution in the first two regions, i.e., after the
point x = 0 of the entrance of the beam into the first
layer and after the point x = x0 of the emergence of the
incident beam from the first layer, is described by the
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analytical formula [2]

(6)

Here, Jn(x) is the Bessel function of the first kind and
nth order; θ(x) is a step function, equal to unity at a pos-
itive value of the argument and zero at a negative value;
D is the slit width; and d1 is the thickness of the first
(crystalline) layer. Other designations are given in (5).

It is easy to make sure that the calculated curve is in
agreement with formula (6). The maximum reflection
at the point of entrance of the beam into the crystal is
equal with good accuracy to the coefficient before the
exponential in formula (6). Note that the behavior of the
curve in the initial region is determined only by the
upper boundary (specifically, by the reflection ampli-
tude of the thick crystal at the tails of the angular depen-
dence, where it is equal to R(q) ≈ s/2σ). Indeed, taking
into account only the tails, we have I(x) = |DAR(x)|2,
where

(7)

It follows from this formula that the measurement of
relative intensity at the initial point makes it possible to
directly determine the diffraction parameter |χh |.

With an increase in x, the exponential law of the
decrease in the intensity gradually transforms into a
more complex law, in which multiple (dynamic) reflec-
tion becomes important. However, the lower layers do
not manifest themselves. Finally, at the point x0, the
incident narrow beam reaches the lowest boundary. The
presence of the boundary violates equilibrium and a
new strong kinematic reflection with the opposite sign
arises. Now, the function G1(0) = 1. It is larger in mag-
nitude than G0(x0) and enters the sum with the opposite
sign. In the limit of an infinitely narrow slit, the inten-
sity directly behind the point x0 is proportional to |1 –
G0(x0)|2. Therefore, the intensity sharply decreases if
such a decrease has not occurred at a small layer thick-
ness and, vice versa, increases if the intensity has sig-
nificantly decreased at a large layer thickness. At the
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scattering parameters considered here, an intermediate
situation also occurs. Since the curve was calculated for
a nonzero slit, an additional specific feature arises. Spe-
cifically, there is a point near the boundary at which
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Fig. 2. Spatial distribution of the relative intensity on the
detector in the case of reflection of a narrow beam by a mul-
tilayer crystal. The narrow beam is formed by (a) limitation
of the wavefront by a narrow slit, (b) focusing by a parabolic
lens, and (c) focusing by a Fresnel zone plate.
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Fig. 3. Structure of the focal spot (point source image) for
(a) a parabolic lens and (b) a zone plate.
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both contributions compensate each other in the inte-
gration over the slit size and the intensity becomes zero.

With an increase in x in the second region, both con-
tributions tend toward zero and the reflection disap-
pears. However, the disappearance of the reflection
does not mean the absence of the incident beam. In the
sample under consideration, the second layer does not
contain a crystal and does not reflect itself. Neverthe-
less, when the incident beam reaches the upper bound-
ary of the third (crystalline) layer at the point x1 = x0 +
2d2cosθB, where d2 is the thickness of the second (air)
layer, a new kinematic reflection arises. With an
increase in x, the intensity decreases rapidly, as in the
second region, although an analytic formula for this
case has not been obtained. Finally, the intensity also
changes stepwise at the intersection of the fourth sam-
ple boundary by the incident beam. It is interesting that
the reflection maximum at the upper boundary of the
second crystalline layer should be the same as for the
first layer with allowance for the fact that the incident
beam becomes weaker as a result of the absorption in
the first layer and reflection. In the case under consider-
ation, the complete decrease is determined by the coef-
ficient 0.63, whereas the absorption factor is 0.72. This
fact indicates that the intensity losses of the incident
narrow beam caused by reflection are relatively low.
The kinematic reflection tends toward zero as the dis-
tance between the reflection point and the boundary
increases, independent of the incident-beam intensity.
The reason for this phenomenon is that the waves
reflected at different depths have different phases and,
in total, reduce each other. Only the presence of the
boundary violates the mutual extinction and results in a
nonzero intensity of the reflected wave. This is the fun-
damental difference between the diffraction of a narrow
beam and the dynamic diffraction of a plane wave. In
the case of the reflection of a narrow beam, the dynamic
diffraction (in the sense of the intensity transfer from
the incident to the reflected beam) is absent. The
reflected waves fall at the points in space where the
incident beam is absent.

DIFFRACTION OF A BEAM FOCUSED 
BY A PARABOLIC LENS

As was noted above, a slit cannot be located directly
before the crystal in the experiment with reflection.
However, the use of a focusing lens meets no problems.
In this section, we will discuss the results of the numer-
ical experiment with the use of a parabolic X-ray lens.
A schematic of the experiment is shown in Fig. 1. A
biconcave silicon lens with the radius of curvature of
the surfaces R = 7.52 µm was used in the calculations.
According to [8], such a lens has the focal length F, the
diffraction limit of the focus size sf, and the effective

aperture A determined by the formulas

(8)

where δ and γ were determined in (3). Substituting val-
ues of the parameters, we obtain F = 174.2 cm, sf =
0.66 µm, and A = 102.4 µm. The intensity distribution
in the focal region for a point source is shown in Fig. 3a.

Note that the experimentally measured focus size
depends on the sizes of the source projection on the
focal plane. In other words, it is necessary to calculate
the convolution of the curve shown in Fig. 3a with a
Gaussian having a half-width smaller than the effective
size of the actual focus by a factor of Lf/Ls. However,
upon reflection of the wave from the crystal, coherent
diffraction from each point of the source occurs inde-
pendently. Therefore, it is necessary to perform calcu-
lation with the point source and average the intensity
recorded by the detector over the projection of the
source size. In the calculation, the size of the source
projection is 1 µm.

The results of the calculation of the reflection curve
for a focused beam are shown in Fig. 2b. As follows
from the calculation, the diffraction of the focused
beam occurs in the same way as in the case with a slit.
However, for a slit 0.7 µm in size, the intensity at the
initial point is 0.0003, whereas in the case with the lens
the intensity is 0.086, i.e., higher by a factor of 286.
Hence, the gain in the intensity for the combination of
a lens with a crystal is even larger than in the case of a
single lens. Apparently, not only the maximum inten-
sity in the focus but also the focus profile plays an
important role. It is interesting that the averaging over
the source size significantly affects the shape of the
focus, whereas, in the case with the crystal, it is only
slightly pronounced. The averaging leads only to the
smoothing of the narrow dip in the intensity distribution
near the lower boundary of the first crystal.

Thus, the use of a parabolic lens is effective in inves-
tigation of multilayer crystals since this technique
makes it possible to measure the thicknesses of the lay-
ers locally at different points of the surface. One can
change the Bragg angle, the order of reflection, and the
wavelength in each specific case to obtain the most
optimal conditions.

DIFFRACTION OF A BEAM FOCUSED 
BY A ZONE PLATE

Fresnel zone plates are often used in experiments to
focus a beam. The result of the calculation in which the
parabolic lens was replaced with a zone plate is shown
in Fig. 2c. We used a linear silicon zone plate contain-
ing 226 zones; the radius of the first zone r1 = 12 µm.
The aperture of the zone plate is 360.8 µm. It was
assumed that the zone plate has the maximum effi-
ciency; i.e., the phase shift in the zones is equal to π.
Since the zone plate lets radiation pass beyond the aper-
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ture and the crystal completely reflects radiation, the
region of the zone plate beyond the aperture was shut
by the slit in order to obtain a pattern of higher quality.
The focal length is the same as for the parabolic lens:
F = 174.2 cm. The intensity distribution in the focal
region for a point source is shown in Fig. 3b.

The calculation showed that a zone plate is not fit for
the investigation of the reflection of a narrow beam
from a crystal. In the case under consideration, a zone
plate provides adequate focusing and even higher inten-
sity in comparison with a parabolic lens owing to the
large aperture. However, the radiation is focused within
a large angular range, which significantly exceeds the
angular range of the radiation reflected from the crystal.
Therefore, the focus itself is reflected weakly. At the
same time, a zone plate leaves a large part of the inten-
sity beyond the focus owing to the presence of higher
reflection orders. This intensity is distributed in space
and, therefore, the beam cannot be considered narrow.
In other words, higher focusing orders deteriorate the
spatial structure of the wave reflected from a multilayer
crystal.

Note that, in the case analyzed here, the distortion
was very strong owing to the use of the high-order
reflection (12 4 0), for which the width of the angular
interval of strong reflection (the Bragg table) is
2|χh |/sin2θB = 1.25 µrad. In the case of a wider Bragg
table, we can obtain a curve closer to that shown in
Fig. 2b. Nevertheless, the curve shape is always dis-
torted. In addition, actual zone plates usually have a
zero order (the phase shift is smaller than π). This cir-
cumstance deteriorates the situation even more. On the
whole, we can conclude that zone plates are not fit for
investigation of the local reflection from a multilayer
crystal. Obviously, this conclusion does not concern
different spectroscopic methods based on absorption of

photons, in which the angular properties of a beam are
not important.
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